(see e.g. Remez [15] for polynomials and Nürnberger & Sommer [13] for spline functions). If f has a strongly unique best approximation gf E G , then we. obtain the following estimation: , 11 g-gf 1I :::; K(1 f )(I1 f-'g 11 -11 f-gf 11):::; K(1 f )(11 f-g 11 -Ag) • Formulas for computing the strong unicity constant have been given by several authors (see'e.g. the references in [10] and [11] ).
Therefore it is of interest to characterize the functions from SU(G) (see Bartelt [22] and [8] , [9] ). Since in numerical computation the functions fEC(T) are only known up to some error, it is natural to ask which functions f ESU(G) are "stable under small perturbations", i.e.
to characterize the functions f fram the interior of SU(G) .
In section 1 we give a complete characterization of functionsf Eint SU(G) for arbitrary finite-dimensional subspaces G of C(T) by using properties of the error function. Then we apply this result to weak
Chebyshev subspaces and spline subspaces in section 2 and 3. It is also shown that those finite-dimensional subspaces G of C(T) for which the set SU(G) is non-empty and open are exactly the Haar subspaces.
Moreover, we consider in particular the role of strong unicity in the computation of best spline approximations. The results in this paper for C(T) also hold for C (T) , the space of all continuous-real-valued funco tions on a locally compact metric space T vanishing at infinity. In a further paper we consider similar questions for semi-infinite optimization problems.
1. FINITE-DIMENSIONAL SUBSPACES . Let G=span {g1'... ,gm} be an rn-dimensionaljsubspace of C(T), fE C(T) and gf E G . The function gf is called a best approximation of f from G, if for all 9 E G ,
:"'gf 11 • Given point::>t 1 , ...,t m in T we set
Furthermore, we denote by E(f) = {t E T: If(t)1=11f II} the set of extreme points ,of f. A closed subset E of E(f) is called extremal (with respect to G), if for all gEG, min{f(t)g(t) : tEE}~O . An extremal subset E of E(f) is said to be primitive, if no closed subset F of E wi th F * E is extremal.
The following result is well-known (see e.g. Singer Moreover, in this section we need the following two theorems on strong unicity.
(11) gf is a strongly unique best approximation of f from G if and only if for all g E G , min { (f (t) -gf (t))g (t) : tEE (f -g f) } < 0.
(111) g~is a strongly unique best approximation of f We set h = f-gf and show that (3) there exists a sequence (h) in
For the moment we assume that (3) holds. Since M is an extremal subset of E (h) and h (t) = h (t) , tE M , n M is an extremal subset of E(h n ) , it follows from (I) that zero is a best approximation of h . Moreover,since
there exists a function g E G , g ' * 0 , such that s and for , but not int SU (G) .
f -f n f n fĩ *j, and h (t.).g (t.)~0 .
n J J a strongly unique best appro-
zn E C (T) such tE T \ V n and
We set for all
Thus by (II) zero is not ximation of h n We set f -h + g fo:call n. Then n -n f all n, gf is a best approximation of a strongly unique one. This shows that
Therefore it remains to prove (3).
Let (V n ) be an open neighborhood basis of M. Since
T is a compact metric space, it follows from Urysohn's lemma that for each n there exists a function
1 -n:S; zn (t) < 1 for all tE T\{t 1 ,... ,t m + 1 }.
n , h = z .h • Then (h n ) has the n n desired property. This shows that (1)~(2).
Now we show that (2)~(1).
We assume that (2) Nowwe assume that( 1) fails" i.e. there exists a sequence (f n ) in C (T) such that f n -fand f n does not have a strongly unique best approximation for all n . For each n we choose a best approximation gn E G of f n . Itfollows from (I) that for each n there exists an integer p E {1,...,m+1} and a subset
min{(fn(t)-gn(t))g(t): t~Mn} :s; 0 .
Going to a subsequence of (f n ) we may assume that for all n, p = p E {1,...,m+1} , g ..• gf and t. ..
Since for all n, I f n (ti,n) -gn (ti,n)I = 11 f n -gn 11 , i=1, •..,p, it follows by taking limits that which implies that. M = {t 1 '...,t p } is a subset of E (f-gf) • Let gE G be given. It follows from (4) that for each n there exists an integer jn E {1,...,p} such that
.)$ 0 n J,n n J,n J,n n n, n
I
Going to a suqsequence and taking limits it follows that there exists a j E {1,...,p} such that
This shows that M is an extremal subset of E(f-gf).
We show that this leads to a contradiction. By omitting some points of M, if necessary, we may assume that all points of H = {t 1 '...,t p } are distinct.
CAS E 1. P E {1 , • • • , m} •
By (2a) we can choose points t p + 1 , .
•.,t m + 1 in E(f-gf)
such that all points of {t 1 ,...,t m + 1 } are distinct.
Since {t 1 ,...,t m + 1 } is an extremal subset of E(f-gf)' it follows from (2b) that
Therefore we can interpolate at t 1 , ...,t m which contradicts the fact that {t 1 ,...,t p } is an extremal
In this case M = {t 1 '...,t +1 } for all n. n ,n m,n Assume that there exists an integer n such that for (_1)i(f(t.) -gf(t.)) = 11 f-gf 11 , i=1, ..• ,m+1. •. ,m} , f(t.)g(t.) >0
) > Ö, a contradiction. Then the following statements (1) and (2) Proof. We first show that (1) 
It follows from (IV) that (1) Now we show that (2)~(1). We assurne that (2) holds. It follows from Corollary 1.6 in [9) (see also [8) ) that fE SU(G). Now we assurne that (1) Since for all n, g is not a strongly unique best n approximation of f , it follows £rom Corollary 1.6 n in [9] that for each n there exists an integer j E {1, .
•• ,m+1} such that
,gm ) = 0 D t 1 ,.
•. ,t. 1 ,t. +1 ,.
•• ,t +1 ,n Jn-,n Jn,n m,n
Going to a subsequence we may assurne that for all n, The next result!is a characterization of strongly unique best spline approximations which follows from a more general result on weak Chebyshev subspaces both given in [8] , [9] . 
